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1 Abstract: 1
The bi-spectral method retrieves cloud optical thickness (τ ) and cloud droplet 2 effective radius ( r e ) simultaneously from a pair of cloud reflectance observations, one in 3 a visible or near infrared (VIS/NIR) band and the other in a shortwave-infrared (SWIR) 4 band. A cloudy pixel is usually assumed to be horizontally homogeneous in the retrieval. 5
Ignoring sub-pixel variations of cloud reflectances can lead to a significant bias in the 6 retrieved τ and r e . In the literature, the retrievals of τ and r e are often assumed to be 7 independent and considered separately when investigating the impact of sub-pixel 8 cloud reflectance variations on the bi-spectral method. As a result, the impact on τ is 9 contributed only by the sub-pixel variation of VIS/NIR band reflectance and the impact 10 on r e only by the sub-pixel variation of SWIR band reflectance. 11
In our new framework, we use the Taylor expansion of a two-variable function to 12 understand and quantify the impacts of sub-pixel variances of VIS/NIR and SWIR cloud 13 reflectances and their covariance on the τ and r e retrievals. This framework takes into 14 account the fact that the retrievals are determined by both VIS/NIR and SWIR band 15 observations in a mutually dependent way. In comparison with previous studies, it 16 provides a more comprehensive understanding of how sub-pixel cloud reflectance 17 variations impact the τ and r e retrievals based on the bi-spectral method. In particular, 18 our framework provides a mathematical explanation of how the sub-pixel variation in 19 VIS/NIR band influences the r e retrieval and why it can sometimes outweigh the 20 influence of variations in the SWIR band and dominate the error in r e retrievals, leading 21 to a potential contribution of positive bias to the r e retrieval. We test our framework 22 using synthetic cloud fields from a large-eddy simulation and real observations from 23 MODIS. The predicted results based on our framework agree very well with the 24 numerical simulations. Our framework can be used to estimate the retrieval uncertainty 25 from sub-pixel reflectance variations in operational satellite cloud products and to help 26 understand the differences in τ and r e retrievals between two instruments. 27 28 2 29 1. Introduction 30 Among many satellite-based cloud remote sensing techniques, the bi-spectral 31 solar reflective method ("bi-spectral method" hereafter) is a widely used method to 32 infer cloud optical thickness (τ ) and cloud droplet effective radius ( r e ) from satellite 33 observation of cloud reflectance [Nakajima and King, 1990 ]. This method uses cloud 34 reflectance measurements from two spectral bands to simultaneously retrieve τ and 35 r e . One measurement is usually made in the visible or near-infrared (VIS/NIR) spectral 36 region (e.g., 0.64 µm or 0.86 µm), where water absorption is negligible and therefore 37 cloud reflection generally increases with τ . The other measurement is usually in the 38 shortwave infrared (SWIR) spectral region (e.g., 2.1 µm or 3.7 µm), where water drops 39 are moderately absorptive and cloud reflectance generally decreases with increasing r e 40 for optically thick clouds. In practice, the bi-spectral method is often implemented 41 utilizing the so-called look-up-table (LUT). A couple of LUT examples are shown in Figure  42 1. Such LUTs contain pre-computed bi-directional cloud reflectances at VIS/NIR and 43 SWIR bands for various combinations of r e and τ under different sun-satellite viewing 44 geometries and surface reflectances. Given the observed reflectances, the 45 corresponding r e and τ can be retrieved easily by searching and interpolating the 46 proper LUT. The bi-spectral method has been adopted by a number of satellite missions, 47
including Moderate Resolution Imaging Spectroradiometer (MODIS), Visible Infrared 48
Imaging Radiometer Suite (VIIRS), and Spinning Enhanced Visible and Infrared Imager 49 4
The focus of this study is the homogenous pixel assumption. Our objective is to 72 develop a unified framework for understanding and quantifying the impacts of sub-pixel 73 level unresolved reflectance variations on r e and τ retrievals based on the bi-spectral 74 method. A number of previous studies have already made substantial progress in this 75 direction. It has been known for a long time that at the spatial scale of climate model 76 grids (e.g., ~ 10 2 km) approximating inhomogeneous cloud fields with plane-parallel 77 clouds can lead to significant biases in shortwave solar radiation [e.g., Harshvardhan 78 and Randall, 1985; Cahalan et al., 1994; Barker, 1996] . Cahalan et al. [1994] described 79 an elegant theoretical framework based on a fractal cloud model to explain the 80 influence of small-scale horizontal variability of τ on the averaged cloud reflectance in 81 the visible spectral region R VIS . It is shown that the averaged reflectance R VIS τ i ( ) ,
82
where τ i denotes the sub-pixel scale cloud optical thickness, is smaller than the 83 reflectance that corresponds to the averaged cloud optical thickness τ i , i.e., 84
This inequality relation is well known as the "plane-parallel 85 homogenous bias" (referred to as PPHB), which is a result of the non-linear dependence 86 of R VIS on τ i.e., ∂ 2 R vis ∂τ 2 < 0 . The implication of the PPHB for τ retrievals from R VIS is 87 illustrated using an example shown in Figure 2a . Here, we assume that one half of an 88 inhomogeneous pixel is covered by a thinner cloud with τ 1 = 5 and the other half by a 89 thicker cloud with τ 2 = 18 (both clouds with r e = 8µm ). Because of the PPHB, the 90 retrieved cloud optical thickness τ * = 9.8 based on the averaged reflectance 91
] / 2 is significantly smaller than the linear average of the sub-pixel τ , 92 i.e., τ = 11.5 . The impacts of PPHB on satellite based cloud property retrievals and the 93 implications have been investigated in a number of studies [Oreopoulos and Davies, 94 1998; Pincus et al., 1999; Oreopoulos et al., 2007] . 95
We note that the variation of cloud reflectance may be a result of varying cloud 96
properties, but may also be caused by 3-D radiative effects. For example, a cloudy pixel 97 can be perfectly homogenous in terms of cloud properties, but the surrounding pixels 98 can cast a shadow on part of this pixel leading to sub-pixel reflectance variation 99 [Marshak et al., 2006] . A variety of such 3-D effects that cannot be explained by the 1-D 100 plane-parallel radiative transfer theory have been identified and their impacts on cloud 101 property retrievals investigated in previous studies [Davis and Marshak, 2010] . In 102 reality, the PPHB is inevitably entangled with the 3-D transfer effects and other 103 uncertainties such as the impact of instrument noise in the retrieval. It is difficult, if not 104 impossible, to separate them. Following the literature, we shall refer to the impact of 105 sub-pixel cloud reflectance variation on cloud property retrievals as the PPHB, while 106 keeping in mind that the sub-pixel cloud reflectance variation can also result from 3-D 107 radiative effects and may not reflect the true variation of sub-pixel cloud properties. 108 6 can also lead to significant biases on r e retrievals, which is demonstrated in Figure 2b . 114
Here, one half of an inhomogeneous pixel is covered by a cloud with r e = 8µm and the 115 other half by a cloud with r e = 22µm . Both parts have the same τ = 4.1. As shown in the 116 figure, the retrieved r e * = 12µm based on the averaged reflectance is significantly 117 smaller than the linear average of sub-pixel r e = 15µm , similar to the PPHB of τ in 118 of r e and τ are considered separately and assumed to be independent from one 120 another. However, as Marshak et al. [2006] pointed out this assumption is valid only for 121 "large enough" τ and r e (typically, r e > 5 µm and τ > 10). As one can see from the 122 shape of the LUT in Figure 1 the R SWIR is not completely orthogonal to the R VIS , 123 especially when τ is small. As a result, the retrievals of r e and τ are not independent 124 from one another. Marshak et al. [2006] suspected that some cases with large r e bias in 125 their simulations might be the result of this mutual dependence of r e and τ retrievals. 126 Zhang and Platnick [2011] showed that the sub-pixel variance of τ can have a significant 127 impact on the r e retrieval, which is illustrated in the example in Figure 2c . In this 128 hypothetical case, an inhomogeneous pixel is assumed to be covered by a thinner cloud 129 with t 1 =6 in one half and a thicker cloud with t 2 =18 in the other. Both clouds have the 130 same r e =14 µm. Note that in this case the sub-pixel reflectance variation is solely caused 131 by the variability in t. If the r e retrieval were independent from the t retrieval, then the 132 retrieved r e would be 14 µm. The solid triangle in the figure indicates the location of the 133 7 is smaller than the averaged τ = 12 as a result of the PPHB. However, the retrieved 135 r e * = 16 is 2 µm larger than the expected value of 14 µm. This positive bias in the r e 136 retrieval, apparently caused by the sub-pixel variability of τ , cannot be explained by the 137 framework of Marshak et al. [2006] in which the r e retrieval is assumed to be 138 independent from theτ retrieval. Zhang and Platnick [2011] and Zhang et al. [2012] also 139 found that the magnitude of the positive r e retrieval bias caused by the sub-pixel 140 variability of τ is dependent on the SWIR band chosen for the r e retrieval. These studies 141 showed that the same sub-pixel τ variability tends to induce larger bias in retrieved r e 142 using the less absorptive 2.1 µm band (referred to as r e,2.1 ) than that using the more 143 absorptive 3.7 µm band (referred to as r e,3.7 ). This spectral dependence provides an 144 important explanation for the fact that the MODIS operational r e,2.1 retrievals for water 145 clouds are often significantly larger than the r e,3.7 retrievals, especially when clouds have 146 large sub-pixel heterogeneity Cho et al., 2015] . Indeed, this is the main question we will address in this study. In the light of previous 153 studies, here we develop a new mathematical framework to provide a more 154 comprehensive and complete understanding of the impact of sub-pixel cloud variability 155 8 on r e and τ retrievals based on the bi-spectral method. The paper is organized as 156 follows: We formulate the problem in Section 2. We introduce our mathematical 157 framework in Section 3, test and validate it using two examples in Section 4, and discuss 158 its applications in Section 5. 159
Statement of the problem

160
In the bi-spectral method, r e and τ are retrieved from a pair of cloud reflectance 161 observations, one in VIS/NIR and the other in SWIR. From this point of view, we can 162 define r e and τ as: 163
where R VIS and R SWIR are the observed reflectances in the VIS/NIR (denoted by 165 subscript "VIS" for short) and SWIR bands, respectively. Assume that an instrument with 166 a relatively coarse spatial resolution observes a horizontally inhomogeneous cloudy 167 pixel in its field of view. The observed cloud reflectances are R VIS and R SWIR , where the 168 overbar denotes the spatial average. Now if we use another instrument with a finer 169 spatial resolution to observe the same area covered by the coarser resolution pixel, we 170 can obtain high-resolution observations, R VIS,i and R SWIR,i , i = 1, 2,...N , (the number N 171 depends on the relative sizes of the pixels). The high-resolution measurements provide 172 the information on the variance and covariance of R VIS and R SWIR at sub-pixel scale. 173
Each sub-pixel observation R VIS,i and R SWIR,i can be specified as the deviation from the 174 mean value R VIS and R SWIR as: 175
(2) 176
It naturally follows that the spatial average ΔR VIS,i = ΔR SWIR,i = 0 . Based on the coarse-177 resolution reflectance observations R VIS and R SWIR , we can retrieve τ R VIS , R SWIR ( ) and
178 high-resolution retrievals. If this proved possible, then it is a very efficient way to 193 10 estimate the biases and uncertainty caused by the homogenous pixel assumption. These 194 questions are the focus of this study and will be addressed in the next section. 195
Before proceeding, we need to clarify two points. First, the Δτ and Δr e in Eq. (3) 196 are the differences between two sets of retrievals, not the differences between the 197 retrievals and "true" cloud properties. As aforementioned, sub-pixel reflectance 198 variations can be due to sub-pixel scale cloud property variation, but may also be caused 199 by 3-D radiative effects. If the former is dominant, then Δτ and Δr e provide an 200 estimate of the PPHB and can be used to correct the coarse-resolution retrievals to 201 better represent the "true" cloud properties. However, if 3-D effects are the dominant 202 cause of the sub-pixel reflectance variation, then Δτ and Δr e can be considered a 203 quantitative index of the 3-D effects on the retrievals. Second, our scope is to study the 204 connections between retrieval biases Δτ and Δr e with sub-pixel observations R VIS,i 205 and R SWIR,i . We simply take R VIS,i and R SWIR,i as given inputs. Here we do not seek to 206 explain the characteristics of R VIS,i and R SWIR,i (e.g., their mean values, variances and 207 covariance), or their dependence on cloud properties. Neither do we try to explain how 208 the 3-D radiative effects and instrument characteristics influence R VIS,i and R SWIR,i . 209 210
A unified mathematical framework
211
In this section, we will introduce a comprehensive framework that is able to 212 reconcile and unify the theoretical understandings provided by Marshak 
216
The expansion is: 217
where ε is the truncation error if higher order derivative terms are neglected. If we 219 take the spatial average of Eq. (4) and neglect ε , all the linear terms (i.e., 220
only second order terms in Eq. (4) remain after the spatial average: 222 
Following the same procedure, we can derive the formula for Δτ as: 230
Eq. (6) and (7) can be combined into a matrix form as follows: 233 has different impacts on the r e retrievals based on different SWIR bands (i.e., r e,2.1 vs. 278 r e,3.7 ). Figure 4 shows an example of the matrix of 2 nd derivatives for the R 0.86 and R 3.7 279 combination. In comparison with the R 0.86 and R 2.1 combination in Figure 3 , the 280 Figure 4d is significantly smaller. This suggests that the same 281 sub-pixel inhomogeneity in the 0.86 µm band (i.e., same σ VIS 2 ) has a stronger impact on 282 r e,2.1 than it does on r e,3.7 . Because this term tends to lead to a positive Δr e bias, it could 283 be an important reason why the MODIS r e,2.1 retrievals are often found to be significantly 284 larger than the r e,3.7 , in particular for inhomogeneous pixels [ and potential biases in τ and r e retrievals due to ignoring the sub-pixel reflectance 293 variability in the bi-spectral method. Our framework can also be used to understand the 294 differences among retrievals based on instruments with different spatial resolutions. 295
Finally, it is worth mentioning that Eq. (8) can be rewritten in a slightly different 296 form as follows: 297
and 302 Finally, it is important to note that a critical assumption in our derivation is that 313 the truncation error ε in the Taylor expansion is negligible. This term is a summation of 314 all the higher order derivatives. Take r e for example, the form of the k th order derivative: 315
(10) 316
Because there is no analytical solution to the higher order derivatives, we can only 317 assess the validity of this assumption and evaluate the accuracy of our framework 318 numerically, which is done in the next section. reflectances. This is not surprising because R 2.1 and R 3.7 do increase with τ when the 354 cloud is optically thin. Only for optically thick clouds do R 2.1 and R 3.7 become 355 independent from R 0.86 . Figure 7 shows are more comparable in terms of magnitude. In addition, cloud 359 edges are seen to have larger sub-pixel inhomogeneity than the center of the cloud, 360 which has also been found in MODIS observations overall excellent agreement clearly demonstrates that our framework is able to provide 391 an accurate quantitative estimation of the biases in τ and r e retrievals caused by the 392 homogenous pixel assumption for overcast pixels. 393
An advantage of using Eq. (8) is that the bias can be further decomposed into the 394 contributions from each term in the matrix of 2 nd derivatives, which help us to better 395 understand the relative importance of various factors in causing the bias. For example, 396 as shown in Figure 10a -c, the τ retrieval bias is dominated by the 397
term in Eq. (7). As mentioned before, this term corresponds to 398 the PPHB (Figure 2a ), which is why the total Δτ in Figure 9 is generally negative. In the 399 case of the r e,3.7 retrieval, both the positive − is dominant and leads to the overall 403 positive bias in the r e,3.7 retrieval. The bias in the r e,2.1 retrieval is even more 404 complicated, as all three terms on the right hand side of Eq. (6) contribute substantially 405 to the bias. Overall, the positive terms in Figure 10d -e dominate the total error budget, 406 leading to a generally positive Δr e,2.1 in Figure 8 . 407
In the above example, the solar zenith angle is high, with θ 0 = 20°. We also tested 408 our framework in a case with low solar zenith angle of θ 0 = 60° and the results are 409 shown in Figure 11 . The correlations between the biases from the numerical simulations 410 and those predicted by our framework are substantial, suggesting our framework works 411 equally well for a high sun in this case. 412
From the above example, one can clearly see that our framework provides a 413 comprehensive explanation of the impact of sub-pixel inhomogeneity on τ and r e 414 retrievals. As mentioned earlier we have also tested our framework on the retrievals 415 based on reflectance using 1-D radiative transfer, and find the predicted Δτ and Δr e 416 based on our framework to agree very well with the numerical results (not shown). 417
22
We'd like to point out here that less sensitivity to sub-pixel heterogeneity in the 418 3.7µm channel should not necessarily be equated to less r e bias in the overall retrieval. 419
For simplicity, our 3.7 µm analysis deals with reflectance only. Thus it assumes that the 420 cloud and surface temperatures are known without error, as are the atmospheric 421 emission/correction terms, needed to infer cloud top reflectance from top-of-422 atmosphere measurements of emitted and reflected radiation. Because we are dealing 423 with reflectance only, it is implicitly assumed that the effects of sub-pixel heterogeneity 424 on the cloud temperature retrieval and atmospheric correction are negligible. The 425 validity of this assumption will be assessed in future work. 426 Similar to the LES example, we first developed two sets of cloud property retrievals, 442 one at a higher spatial resolution of 500 m and the other at a coarser resolution of 1 km. 443 Figure 13a and b show the 500 m resolution τ and r e retrievals, respectively, based on 444 the combination of 0.86 and 2.1 µm reflectances for the selected region in Figure 12b . 445
The 1 km retrievals are shown in Figure 13c The difference between the 1 km retrievals and the mean of 500 m retrievals are the 459 biases, Δτ and Δr e , caused by the homogeneous pixel assumption. Figure 15a and b 460 24 show Δτ and Δr e , respectively, based on Eq. (3). We found that Δτ is mainly negative 461 particularly in the regions with thick clouds, while Δr e is mainly positive particularly in 462 the transition regions from thick to thin clouds. These results are very similar to what we 463 found in the LES scene in Figure 9 . Both Δτ and Δr e are shown in Figure 15c and d,  464 respectively. The Δτ and Δr e predicted from Eq. (8) agree reasonably well with the 465 results derived from numerical retrievals in Figure 15a and b. The predicted Δτ based 466 on Eq. (9) and the numerical results have a correlation coefficient over 0.85 for all 467 cloudy pixels (over 0.95 for pixels with τ > 5 ). The correlation coefficient for Δr e is 468 significantly lower especially for thin clouds with τ < 5 . This is mainly because when the 469 cloud is thin the 2.1 µm cloud reflectances are not very sensitive to r e . As a result, the 470 retrievals are subject to large uncertainties caused by radiative transfer model 471
uncertainties. If we limited the comparison only to clouds with τ > 5 , the correlation 472 coefficient is over 0.70. 473
In summary, our numerical framework work very well for the LES cases, indicating 474 that the high-order terms are mostly negligible in these cases. It also works reasonably 475 well for the real MODIS case, especially for the clouds with τ > 5 . For thinner clouds, it 476 is difficult to tell whether the deviation stems from higher-order terms or retrieval 477 uncertainties. Another factor to consider is that we only have four 500 m sub-pixels for 478 each 1 km pixel, which may be insufficient for deriving meaningful sub-pixel variance 479 and co-variance. As part of ongoing research, we are trying to retrieve τ and r e from 480 the Advanced Space-borne Thermal Emission and Reflection Radiometer (ASTER) on 481
Terra. ASTER has a much greater spatial resolution than MODIS and therefore can 482 28.60
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